We show that some two-party Bell inequalities with two-valued observables are stronger than the CHSH inequality for 3 ⊗ 3 isotropic states in the sense that they are violated by some isotropic states in the 3 ⊗ 3 system that do not violate the CHSH inequality. These Bell inequalities are obtained by applying triangular elimination to the list of known facet inequalities of the cut polytope on nine points. This gives a partial solution to an open problem posed by Collins and Gisin. The results of numerical optimization suggest that they are candidates for being stronger than the I 3322 Bell inequality for 3 ⊗ 3 isotropic states. On the other hand, we found no Bell inequalities stronger than the CHSH inequality for 2 ⊗ 2 isotropic states. In addition, we illustrate an inclusion relation among some Bell inequalities derived by triangular elimination.
Introduction
Bell inequalities and their violation are an important topic in quantum theory [22, 17] . Pitowsky [18, 19] introduced convex polytopes called correlation polytopes which represent the set of possible results of various correlation experiments. A Bell inequality is an inequality valid for a certain correlation polytope. The correlation experiments we consider in this paper is that between two parties, where one party has m A choices of two-valued measurements and the other party has m B choices. The Clauser-Horne-Shimony-Holt inequality [7] is an example of a Bell inequality in this setting with m A = m B = 2.
Collins and Gisin [9] introduced a relevance relation between two Bell inequalities and showed that a Bell inequality named I 3322 is relevant to the well-known CHSH inequality. Here relevance means that there is a quantum mixed state ρ such that ρ satisfies the CHSH inequality (with all measurements) but ρ violates the I 3322 inequality (with some measurements). However, they showed numerically that the I 3322 Bell inequality is not relevant to the CHSH inequality in 2-level Werner states. They posed an open problem [12] : "Find Bell inequalities which are stronger than the CHSH inequalities in the sense that they are violated by a wider range of Werner states." For the problem where Werner states are replaced with 3 ⊗ 3 isotropic states, we give some examples in this paper. To the best of our knowledge, no Bell inequalities relevant to the I 3322 inequality are known. In this paper we give some candidates for these obtained empirically.
Avis, Imai, Ito and Sasaki [4, 5] investigated the relationship between two-party Bell inequalities with two-valued observables such as the CHSH inequality and the cut polytope [11] , and proposed a method named triangular elimination to obtain tight Bell inequalities from facet inequalities for the cut polytopes. Using the enormous list [20] of known facets of CUT 9 , the cut polytope on nine points, they obtained more than 200,000,000 tight Bell inequalities.
A test of relevance is a computationally difficult problem. For one thing, to test relevance, one must tell whether a given state satisfies a given Bell inequality for all measurements or not. This can be cast as a bilinear semidefinite programming problem, which is a hard optimization problem. The "see-saw iteration" algorithm is used to solve it in literature [22] . Although it is not guaranteed to give the global optimum, multiple runs with different initial solutions seem sufficient for many cases. Another difficulty is to choose the appropriate state ρ. Collins and Gisin overcome this difficulty by restricting states, which we will describe in Section 2. 3 We apply the see-saw iteration algorithm to test the relevance of some of the obtained Bell inequalities in the isotropic states in 2-and 3-level systems. Isotropic states are a generalization of 2-level Werner states in that they are convex combinations of a pure maximally entangled state and the maximally mixed state.
The rest of the paper is organized as follows. Section 2 explains the necessary concepts. Section 3 gives the inclusion relation among the Bell inequalities we used in our experiments. Section 4 explains the method and the results of our experiments to test relevance in 2-and 3-level isotropic states. Section 5 concludes the paper and mentions some open problems.
Preliminaries

Bell inequalities
Suppose that one party, Alice, has m A choices A 1 , . . . , A m A of two-valued measurements and the other party, Bob, has m B choices B 1 , . . . , B m B . We call the two possible outcomes of the measurements 1 and 0. The results of correlation experiments can be represented by an (m A + m B + m A m B )-dimensional vector q, where for 1 ≤ i ≤ m A and 1 ≤ j ≤ m B , the variables q i0 , q 0j and q ij represent the probability that the outcome of A i is 1, that the outcome of B j is 1, and that two outcome of both A i and B j is 1, respectively. Using these variables, the CHSH inequality is presented as −q 10 − q 01 + q 11 + q 21 + q 12 − q 22 ≤ 0, or in the notation by Collins and Gisin used in [9] (with labels added to indicate which rows and columns correspond to which measurements),
Throughout this paper, we use this notation to describe Bell inequalities. We denote a Bell inequality in general by using an (m A + m B + m A m B )-dimensional vector a and a scalar a 0 as a T q ≤ a 0 , or
Violation of a Bell inequality and bilinear semidefinite programming
A test whether there exists a set of measurements violating a given Bell inequality in a given state can be cast as a bilinear semidefinite programming problem as follows. Let ρ be a density matrix in the d ⊗ d system and a T q ≤ a 0 be a Bell inequality. Each measurement by Alice is represented by a positive operator valued measure (POVM)
Similarly, each measurement by Bob is represented by a POVM (F j , I − F j ). For concise notation, we let E 0 = F 0 = I. Then the test whether there exists a set of violating measurements or not can be formulated as:
where
Here the notation X Y means that Y − X is nonnegative definite. The optimal value of (2) is positive if and only if there exist violating measurements, and if so, the optimal solution gives the set of measurements that is maximally violating the given Bell inequality in the given state. If we fix one of the two groups of variables {E 1 , . . . , E m A } and {F 1 , . . . , F m B }, (2) becomes a semidefinite programming problem on the other group of variables. In this respect, (2) can be seen as a variation of bilinear programming [16] with semidefinite constraints. The optimization problem (2) If d = 2 and the inequality a T q ≤ a 0 is the CHSH inequality, then (2) can be solved analytically [15] , hence the Horodecki criterion, a necessary and sufficient condition for a state ρ in the 2 ⊗ 2 system to satisfy the CHSH inequality for all measurements. However, in general cases, the analytical solution of (2) is not known. This seems natural, given the difficulty of bilinear programming. Section 2 of [16] describes a hill-climbing algorithm which computes a local optimum by fixing one of the two groups of variables and solving the subproblem to optimize variables in the other groups repeatedly, exchanging the role of the two groups in turn. "See-saw iteration" [22] uses the same method combined with the observation that in the case of (2), each subproblem can be solved efficiently by just computing the eigenvectors of a Hermitian d × d matrix.
There exists a set of projective measurements E 1 , . . . , E m A and F 1 , . . . , F m B which attains the maximum of (2). This fact is obtained from the proof of Theorem 5.4 in [8] by Cleve, Høyer, Toner and Watrous. Though they prove the case where ρ is also variable, the relevant part in the proof is true even if the state is fixed. See-saw iteration always produces projective measurements as a candidate for the optimal measurements.
Relevance relation
Collins and Gisin [9] introduced the notion of relevance between two Bell inequalities and showed that a Bell inequality named I 3322 is relevant to the well-known CHSH inequality. Here relevance means that there is a quantum mixed state ρ such that ρ satisfies the CHSH inequality (with any measurements) but ρ violates the I 3322 inequality (with some measurements). The I 3322 inequality looks like:
They prove the relevance of the I 3322 inequality to the CHSH inequality by giving an explicit example of a state ρ in the 2⊗2 system which satisfies the CHSH inequality for all measurements, and violating measurements for the I 3322 inequality. Part of difficulty of testing relevance comes from how to choose an appropriate state ρ. Even if we only consider the 2 ⊗ 2 system, the space of the mixed states is 15-dimensional. Collins and Gisin overcome this difficulty by restricting the states to those parameterized by two variables θ and λ: ρ(θ, λ) = λ|ϕ θ ϕ θ | + (1 − λ)|01 01|, where |ϕ θ = cos θ|00 + sin θ|11 . For any θ, the variable λ can be maximized by using the Horodecki criterion [15] to give the state on the border whether it satisfies the CHSH inequality for all measurements or not. Then they compute the maximum violation of the I 3322 inequality for various values of θ, and find a state ρ satisfying the CHSH inequality but not the I 3322 inequality.
Inclusion relation
Collins and Gisin [9] also pointed out that the CHSH inequality is irrelevant to the I 3322 inequality since if we pick the I 3322 inequality and fix two measurements A 3 and B 1 to the deterministic measurement whose result is always "false," the inequality becomes the CHSH inequality. Generalizing this argument, Avis, Imai, Ito and Sasaki [5] introduced the notion of inclusion relation between two Bell inequalities. A Bell inequality a T q ≤ 0 includes another Bell inequality b T q ≤ 0 if we can obtain the inequality b T q ≤ 0 by fixing some measurements in the inequality a T q ≤ 0 to deterministic ones (that is, measurements whose result is always 1 or always 0).
A formal definition is as follows. Let a T q ≤ 0 be a Bell inequality with m A + m B measurements and b T q ≤ 0 another with n A + n B measurements, and assume m A ≥ n A and m B ≥ n B . The inequality a T q ≤ 0 includes b T q ≤ 0 if there exists a Bell inequality (a ′ ) T q ≤ 0 equivalent (up to permutation and switching [11, Sections 26.2, 26.3] ) to the inequality a T q ≤ 0 such that a ′ ij = b ij for any 0 ≤ i ≤ n A and any 0 ≤ j ≤ n B . Here equivalence means that the inequality (a ′ ) T q ≤ 0 can be obtained from another a T q ≤ 0 by zero or more applications of party exchange, observable exchange and value exchange.
We can restate the definition in terms of cut polytope as follows. We transform the Bell inequality a T q ≤ 0 to an inequality c T x ≤ 0 valid for CUT (K 1,m A ,m B ), and similarly b T q ≤ 0 to d T x ≤ 0 valid for CUT (K 1,n A ,n B ). Then the inequality a T q ≤ 0 includes b T q ≤ 0 if and only if there exists an inequality (c ′ ) T x ≤ 0 equivalent (up to permutation and switching) to c T x ≤ 0 such that d T x ≤ 0 can be obtained from (c ′ ) T x ≤ 0 by collapsing operation [11, Section 26.4 ] of some of the edges incident to the node X (the only node in the first partition of the complete tripartite graphs K 1,m A ,m B and K 1,n A ,n B ).
By using this notion, a Bell inequality a T q ≤ 0 is irrelevant to another Bell inequality b T q ≤ 0 if the inequality b T q ≤ 0 includes the inequality a T q ≤ 0.
Inclusion relation between known Bell inequalities with at most 5 measurements per party
We tested the inclusion relation among the 89 tight Bell inequalities, with at most 5 measurements by each party, which were obtained by triangular elimination from known facets of CUT 9 [20] . Among them are the CHSH inequality, the positive probability (trivial) inequality, the I mm22 inequalities for m = 3, 4, 5, the I
3422 inequality and other unnamed Bell inequalities. We gave a serial number A1 to A89 to each of these inequalities. Figure 1 on the last page shows the result. In the figure, the serial number of each inequality is shown with the number of measurements (omitted for inequalities with 5 + 5 measurements) and its name (if there is one). An arc from one inequality to another means that the former includes the latter. Since the inclusion relation is transitive, the arcs which are derived by other arcs are omitted. An asterisk (*) on the right of the serial number indicates the inequality is a candidate for being relevant to I 3322 . Relevancy was tested empirically using the method described in Section 4.3
From the figure, one might be tempted to conjecture that the CHSH inequality is included in all tight Bell inequalities other than the positive probability inequality. However, this is not true. Enumeration of tight Bell inequalities with four measurements by each party using the general convex hull computation package lrs [3] takes an unrealistically long time, but in a partial list, we have some counterexamples. In the notation by Collins and Gisin, they are:
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Instead, we make the following conjecture.
Conjecture 1. The positive probability and the CHSH inequalities are included in all other tight Bell inequalities obtained by triangular elimination of facets of the cut polytope of the complete graph.
We can see this conjecture as a variation of a conjecture in cut polytope theory: The relation between the two conjectures is supported by the following three facts: (i) the inclusion relation is related to the collapsing operation, (ii) the positive probability inequality is equivalent to the triangle inequality for the cut polytope, and (iii) the CHSH inequality is the triangular elimination of the triangle inequality. We were unable, however, to show dependency between the two conjectures, in either direction.
4 Relevance in 2-and 3-level isotropic states
Violation of a Bell inequality by isotropic states
Let |ψ d be a maximally entangled state in d ⊗ d system:
The d-level isotropic state [14] (or U ⊗ U * -invariant state [13] 
Violation of the CHSH inequality by 3-level isotropic states
For a given α, we can obtain analytically the violation of the CHSH inequality by a 3 ⊗ 3 isotropic state ρ 3 (α). As a result, the threshold α max for the CHSH inequality can also be obtained. As we noted in Section 2.2, we can restrict E 1 , E 2 , F 1 and F 2 to projective measurements in the optimization problem (2) . We consider the rank of measurements E 1 , E 2 , F 1 and F 2 . Since the CHSH inequality is not violated if any one of E 1 , E 2 , F 1 and F 2 has rank zero or three, we only need to consider the case where the four measurements E 1 , E 2 , F 1 and F 2 have rank one or two. Instead of considering all the combination of ranks of the measurements, we fix their rank to one and consider switching [11, Section 26 .3] of the CHSH inequality. For example, suppose that E 1 and F 1 have rank two and E 2 and F 2 have rank one in the optimal set of measurements. Then instead of the CHSH inequality in the form (1), we consider its switching at {A 1 , B 1 } (in the Collins-Gisin notation):
with the four measurements of rank one. Actually, any switching of the CHSH inequality is identical to either (1) or (3) if it is relabelled appropriately. Therefore, we can assume the four measurements have rank one at the expense of considering the inequality (3) in addition to (1). We compute the maximum violation V (α) (resp. V ′ (α)) of the inequality (1) (resp. (3)) under the assumption that the four measurements have rank one. In the maximally mixed state ρ 3 (0) = I 9 /9, the violations of the two inequalities are constant regardless of the actual measurements, and they are:
V (0) = −q 10 − q 01 + q 11 + q 12 + q 21 − q 22 = −1/3 − 1/3 + 1/9 + 1/9 + 1/9 − 1/9 = −4/9, V ′ (0) = q 20 + q 02 + q 11 − q 12 − q 21 − q 22 − 1 = 1/3 + 1/3 + 1/9 − 1/9 − 1/9 − 1/9 − 1 = −5/9.
Since the violations of the inequalities are constant in the state ρ 3 (0), the maximum violation in the state ρ 3 (α) is achieved by the optimal set of measurements in the state ρ 3 (1),
. Therefore, what remains is to compute the values of V (1) and V ′ (1).
To obtain the value of V (1), let E i = |ϕ 1i ϕ 1i |, F j = |ϕ 2j ϕ 2j |, |ϕ 1i = x i0 |0 + x i1 |1 + x i2 |2 and |ϕ 2j = y j0 |0 + y j1 |1 + y j2 |2 . Note that x 1 , x 2 , y 1 and y 2 are unit vectors in C 3 . Using them, the violations of the inequality (1) is equal to
If we fix y 1 and y 2 arbitrarily, then optimization of x 1 and x 2 in (4) can be performed separately. Since (4) depends only on the inner products of the vectors and not the vectors themselves, we can replace the vectors x 1 and x 2 with their projection onto the subspace spanned by y 1 and y 2 . This means that we can consider the four vectors x 1 , x 2 , y 1 and y 2 are vectors in C 2 whose lengths are at most one. Then the Tsirelson inequality [21, 6] tells the maximum of (3) is given by
The maximum of (5) is equal to −1, and it is achieved by setting |ϕ 11 = |ϕ 21 = |0 , |ϕ 12 = |1 and |ϕ 22 = |2 . Therefore V ′ (1) = −1 and V ′ (α) = −14α/9 − 5/9 < 0. This means the inequality (3) is never violated under the assumption that the four measurements have rank one. Removing the assumption of the ranks of the measurements, we obtain that the maximum violation of the CHSH inequality in the state ρ 3 (α) is given by max{0, V (α), V ′ (α)} = max{0, α(3 √ 2 + 1)/9 − 4/9}.
Computation method and results
We performed preliminary experiments to compute an upper bound on the value of α max with d = 2 and d = 3 for the 89 tight Bell inequalities described in Section 3.
The see-saw iteration algorithm finds a candidate for the optimal solution of (2). When 0 ≤ α ≤ 1 is given, we can use this search algorithm to tell whether α max < α (if violating measurements are found) or α max ≥ α (otherwise), if we ignore the possibility that the hill-climbing search fails to find the global optimum. This allows us to compute the value of α max by binary search. In reality, the hill-climbing search sometimes fails to find the global optimum, and if it finds violating measurements then it surely means α max < α, whereas if it does not find violating measurements then it does not necessarily mean α max ≥ α. Therefore, the value given by binary search is not necessarily the true value of α max but an upper bound on it.
In each step of the binary search, we performed a see-saw iteration with 1,000 random initial measurements and picked the solution giving the maximum in the 1,000 trials. To compute eigenvalues and eigenvectors of 3 × 3 Hermitian matrix, we used LAPACK [2] with ATLAS [23, 1]. All computations were performed using double-precision floating arithmetic. Due to numerical error, the computation indicates a small positive violation even if the state does not violate the inequality. Therefore, we only consider violation greater than 10 −13 significant.
For d = 2, the computation gave an upper bound 0.70711 for all inequalities except for the positive probability inequality. (For the positive probability inequality we have α max = 1 since it is satisfied by any quantum state.) It is known that in the case d = 2, the CHSH inequality is satisfied if and only if α ≤ 1/ √ 2 = 0.70711 from the Horodecki criterion [15] . This can be seen as another evidence suggesting the negative answer to Gisin's problem [12] in the case of 2-level system.
suggests the negative answer to Gisin's problem [12] asking whether there exists a Bell inequality relevant to the CHSH inequality with regard to 2-level isotropic states.
We performed the same computation for d = 3. Table 1 summarizes the most significant results we obtained. In Table 1 , the column labeled "Original inequality" shows the facet inequality of CUT 9 to which triangular elimination is applied. The number corresponds to the serial number of the facet in cut9.gz of [20] . For the CHSH inequality, the obtained upper bound 0.76298 is consistent with the theoretical value 4/(3 √ 2 + 1) = 0.762974 proved in Section 4.2. The I 3322 inequality gave the same upper bound as the CHSH inequality. Besides, in the optimal measurements with α near 4/(3 √ 2 + 1), the matrices E 3 and F 1 are zero, corresponding to the fact that the I 3322 inequality includes the CHSH inequality. This is consistent with Collins and Gisin's observation [9] in the 2 ⊗ 2 system that the I 3322 inequality is not better than the CHSH inequality for states with high symmetry.
Five Bell inequalities A28, A27, A5, A56 and A8 gave a smaller value of α max than 4/(3 √ 2 + 1). Rows and columns in bold font indicate that they correspond to nodes added by triangular elimination. The set of measurements giving optimal violation for these Bell inequalities with α slightly larger than the computed value of α max is given in the Appendix.
A28:
These Bell inequalities are relevant to the CHSH inequality. As a result, Bell inequalities including any of them are also relevant to the CHSH inequality. Moreover, if the true value of α max for the I 3322 inequality is 4/(3 √ 2 + 1), then these five Bell inequalities are also relevant to the I 3322 inequality. We make the following conjecture. To support this conjecture, we searched for the optimal measurements for the I 3322 inequality in the states ρ 3 (α) with α = α + = 0.7629742794 > 4/(3 √ 2 + 1) and α = α − = 0.7629742793 < 4/(3 √ 2 + 1), using see-saw iteration algorithm with random initial solutions. With α = α + , 100 out of 633 trials gave a violation greater than 10 −13 , whereas with α = α − , none of 50,000 trials gave a violation greater than 3×10 −15 . Considering numerical error in computation, we consider that this result can be seen as an evidence that the I 3322 inequality behaves differently in the state ρ 3 (α) depending on whether α is greater or less than 4/(3 √ 2 + 1).
Concluding remarks
We used numerical optimization to find Bell inequalities relevant to the CHSH inequality for isotropic states. No Bell inequalities relevant to the CHSH inequality were found for 2-level isotropic states. This supports Collins and Gisin's conjecture in [9] that no such Bell inequalities exist. For 3-level isotropic states, however, some Bell inequalities relevant to the CHSH inequality were found. The result of numerical experiments were given to support the conjecture that they are also relevant for the I 3322 inequality. The violation of the CHSH inequality by 3-level isotropic states were given by using Tsirelson's inequality. Cleve, Høyer, Toner and Watrous [8] generalize Tsirelson's inequality to Bell inequalities corresponding to "XOR games." Unfortunately, the I 3322 inequality does not correspond to an XOR game, and we cannot use the result there to prove the theoretical value of α max for the I 3322 inequality.
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